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Abstract. A bipartite graph is said to be tree convex if there exists a tree T
defined over one part such that the neighborhood of every vertex in the other part
forms a connected subtree of T. We study the problem of finding a mazimum edge
bicligue—namely, a complete bipartite subgraph containing the largest possible num-
ber of edges—in tree convex bipartite graphs. For the special case of triad convex
graphs, where T has exactly three leaves, we present an O(n?polylogn)-time algo-
rithm, significantly improving the previous best O(n®)-time solution. More generally,
for tree convex graphs where the underlying tree has a constant number d of leaves,
we present an O(n?~! polylogn)-time algorithm, which improves the best previously
known runtime by a factor of n3/polylogn for any constant d > 3.

1 Introduction

A bipartite graph G = (AU B, F) is said to be tree convez if there exists a tree T' whose vertex set
is B, such that for every vertex v € A, the set of its neighbors in B forms a connected subtree of
T. See Figure 1 for an illustration. Given a bipartite graph G, the mazimum edge biclique problem
asks for a complete bipartite subgraph—referred to as a bicligue—that contains the largest possible
number of edges in G. The maximum edge biclique problem has attracted considerable attention,
primarily due to its applications in biclustering data analysis [5,10,34]. In this paper, we focus on
solving this problem in the setting of tree convex bipartite graphs, where one side of the bipartition
exhibits a structural constraint defined by a tree. The problem is formally defined as follows.

Problem 1 (Maximum Edge Biclique in Tree Convex Graphs). Given a tree T on a vertex set B
and a bipartite graph G = (AU B, E) that is convex on T, find a biclique in G with the mazimum
number of edges.

Chen and Liu [12] studied the problem of finding maximum edge bicliques in tree convex graphs,
and proved that the problem is NP-hard even for star convezr graphs, where the underlying tree is
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Figure 1: (a) A tree convex bipartite graph. (b) The underlying tree T. The neighbors of vertex
ay, i.e., {b1,bs, by, bs,bs} form a connected subtree of T

a star graph. While the general case remains NP-hard, they presented an O(n9*+?)-time algorithm
for the case where the underlying tree has a constant number of d leaves.

In this paper, we revisit the maximum edge biclique problem in tree convex bipartite graphs
and develop significantly faster algorithms that improve upon the previously best-known results.
In particular, for triad convex graphs, where the underlying tree T has exactly three leaves, we
present an O(n? polylog n)-time algorithm, substantially improving the previous O(n®) algorithm
by Chen and Liu [12]. More generally, when the underlying tree has d leaves, for any constant
integer d > 3, we present an O(n?! polylog n)-time algorithm, which improves upon the existing
O(n%*2)-time solution by a factor of n?/polylogn.

Our approach builds on a novel geometric formulation of the problem. The key idea is to
exploit the hierarchical structure of the underlying tree T', decomposing it into a bounded number
of disjoint branches, and reducing the biclique search to a dominance maximization problem over
structured point sets. Specifically, we encode the input graph as a compact set of points derived
from the convexity imposed by 7. This encoding maps the space of connected subtrees of T—
each corresponding to a potential biclique—into a low-dimensional grid, where the dimension is
determined by the number of leaves in T'. By leveraging this bounded dimensionality, our method
enables efficient evaluation of candidate solutions through multi-dimensional dominance counting.
This transformation allows us to reformulate the original graph-theoretic problem as a geometric
optimization problem over the grid points. To solve this efficiently, we partition the grid into
slices along one dimension and design a specialized data structure to maintain and query the
optimal solution within each slice. We then develop an efficient update mechanism to propagate
this structure across adjacent slices, enabling us to explore the entire grid space while preserving
optimality at each step.

1.1 Related work

Three fundamental variants of the maximum biclique problem have received considerable attention
in the literature: (i) the mazimum node biclique, (il) the maximum balanced biclique, and (iii) the
mazximum edge biclique.

In the mazimum node biclique problem, the objective is to find a complete bipartite subgraph
with the largest total number of vertices. Garey and Johnson [17] showed that this problem is
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solvable in polynomial time (see also [2,13] for alternative proofs). Moreover, they showed that
the weighted version also admits a polynomial-time solution. This follows from its equivalence to
the maximum weight independent set problem in bipartite graphs, which is known to be solvable
in polynomial time [13].

In contrast, the mazimum balanced biclique problem, which imposes a symmetry constraint
by requiring both sides of the biclique to have equal cardinality, is NP-hard [2,17]. Furthermore,
for any constant € > 0, the problem is hard to approximate within a factor of n® under various
assumptions [15,16,22], and even within n!=¢ [28].

The mazimum edge biclique problem is considerably more challenging. Its NP-hardness was
first established by Dawande et al. [14] in the weighted setting, and later extended to the restricted
{—1,1} weighted case [36]. Finally, Peeters [33] showed that the problem remains NP-hard even in
the unweighted setting. Beyond hardness, the problem is also notoriously difficult to approximate.
Feige [15] first showed that no polynomial-time algorithm can approximate the optimum within a
factor of n®, for any € > 0 (see also [3,16] for the same result under weaker assumptions). This
bound was later strengthened to n'~¢ under a modified version of the Unique Games Conjecture [4].
The same inapproximability result was also established under the Small Set Expansion Hypothesis,
and under the assumption that NP ¢ BPP [28]. Notably, it was posed as an open question
in [3] whether a similar inapproximability result could be established under the assumption that
P = NP and to the best of our knowledge, this question remains unresolved. Furthermore, the
n'~¢ inapproximability bound is tight, as trivial algorithms exist that achieve an n-approximation
for both the maximum edge biclique and maximum balanced biclique problems [28].

Despite these negative results, efficient algorithms exist for several structured graph classes.
A bipartite graph is called a convex if there exists an ordering of the vertices in one part such
that the neighbors of every vertex in the other part appear consecutively in that ordering. For
convex bipartite graph, Nussbaum et al. [30] addressed an O(cnnlog3 n)-time algorithm, where
¢, denotes the sub-logarithmic time required for range counting queries. They further presented
faster algorithms for the biconvexr and permutation subclasses, achieving runtimes of O(na(n)) and
O(n), respectively, where a(n) is the inverse Ackermann function.

Motivated by these results, recent work has explored broader structured families, such as tree
convez bipartite graphs, where each neighborhood forms a connected subtree of a fixed tree. Chen
and Liu [12] showed that the complexity in this setting depends on the structure of the underlying
tree. In particular, they proved that the problem is NP-hard for star convex graphs, where the
underlying tree is a star graph, i.e., a tree in which one central vertex is connected to all other
vertices. While the general case remains NP-hard, they presented an O(n?*2)-time algorithm for
the case where the underlying tree has d leaves.

A major variety of other problems and their variants have also been extensively studied in
the context of tree convex bipartite graphs, including independent set [25], induced matching [31],
feedback vertex set [21,38], Hamiltonicity and treewidth [11], and domination set [11,23,24,26,27,
32,35,39]. Notably, the complexity of these problems often depends on the number of leaves in the
underlying tree. For example, the feedback vertex set problem is NP-hard in general tree convex
bipartite graphs [38], but polynomial-time algorithms have been developed for the more restricted
triad convex case, even for weighted instances [21].

The problem of determining whether a bipartite graph is tree convex can be reduced to finding
a support graph for a hypergraph, namely, a graph on the same vertex set in which every hyperedge
induces a connected subgraph. Several linear-time algorithms exist for computing path supports [7,
18,19,29] and cycle supports [37]. A bounded-degree tree support with a specified maximum degree
for each vertex can be constructed in O(n3) time [9]. Building on this, a (¢, A)-tree support, i.e., a
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Figure 2: (a) A tree with highlighted decomposed branches, annotated with branch labels and node
indices for the first and second branches. (b) The hierarchical structure among the decomposed
branches.

support tree with at most ¢ vertices of degree at least 3 and maximum degree A, can be testified in
O(n'*+3) time [6]. Note that a tree with d constant leaves qualifies as a (¢, A)-tree if both ¢ and A
are bounded. Furthermore, the existence of a cactus support, where the support is a tree of edges
and cycles, can also be tested in polynomial time [8]. All of these algorithms are constructive and
return a support if one exists.

2 Preliminaries

Let F be a family of graphs. A bipartite graph G = (AU B, E) is called F-convex, if there exists a
graph H € F on the vertex set B such that the neighbors of each vertex in A induce a connected
subgraph of H. We call H the underlying graph. A bipartite graph G is called tree convex if it is
F-convex for the family F of trees. Throughout this paper, we assume that the underlying graph
(which is a tree T in our case) is given as part of input.

We denote by [n] the set of integers from 1 and n, inclusively. Given two vectors X =
(x1,...,2,) and Y = (y1,...,y;), we denote by (X,Y’) the combined vector (z1,..., 2k, y1,-..,¥;)-
We use (X,Y, Z) to combine three vectors in a similar way.

3 Problem Transformation

In this section, we present a mapping that encodes subtrees of the underlying tree T' as points in
a d-dimensional space. This transformation is central to our algorithmic solution, enabling us to
reformulate the maximum edge biclique problem as a geometric problem over a structured grid.
We begin by describing a tree decomposition procedure, which forms the basis of this mapping.

3.1 Tree decomposition

Let T be a tree with d leaves. We assume that a fixed ordering is defined on the leaves of T. We
recursively decompose T into (d — 1) node-disjoint paths, which we refer to as branches. For each
branch, we assign a local index to its nodes. The first branch is defined by selecting the two leaves
u and v that appear earliest in the specified leaf ordering. Let m denote the path from u to v,
inclusive. We assign index 1 to node u, and increment the index sequentially along the path 7 as
we traverse toward node v.
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Figure 3: A connected subtree, indicated by dashed lines, mapped to the point (1,0,0,2,0,1,0).

Since T is a tree, removing the path 7 results in a collection of disjoint subtrees. Let r € 7 be
the first node (along the ordering from u to v) with degree greater than 2. Among the resulting
subtrees formerly connected to r, consider one such subtree 7' that was attached to r via a node u'.
From the set of leaves of T”, we select a leaf v’ # ' that appears earliest in the global leaf ordering,
and define a new branch as the path from v’ to v/. We assign local indices to the nodes along this
branch starting at «’ with index 1 and increasing along the path toward v’. This recursive process
is then applied to 77 and subsequently to each remaining subtree in the collection.

Figure 2 illustrates the result of our decomposition procedure. Each branch is labeled, and
node indices are explicitly shown for the first and second branches. As a result of this process,
every node u € T is assigned a unique pair consisting of its branch and index numbers, which we
denote by branch(u) and index(u), respectively.

For each branch b, let desc(b) denote the set of branches that descend from b, either directly
or through a chain of intermediate branches. As depicted in Figure 2b, for instance, we have
desc(3) = {4,5,6}. Our construction ensures a hierarchical ordering among branches, meaning
that if ¥' € desc(b), then b < ¥’. Furthermore, this ordering is contiguous, i.e., for any branch ¢
such that b < ¢ <V, it follows that ¢ € desc(b) as well.

3.2 Mapping subtrees to d-dimensional space

Let S be a connected subtree of T'. We define the primary branch of S, denoted by 3(5), as the
branch with the smallest number that intersects S. Let B; denote the set of nodes that lie on the
ith branch. We define a mapping u that associates each connected subtree S of T with a point
(o, ..., 24—1) as follows:

min {index(v) |v € f(S)N S} ifi=0,
x; = { max {index(v) |[v € B;,NS} ifi>1and B;NS #0,
0 otherwise.

Intuitively, 2y encodes the first endpoint of S on its primary branch, while each z; for i > 1
records the extent of S along branch 4. It is easy to verify that u is injective: every connected sub-
tree of T' is uniquely determined by its set of leaves, whose branch and local indices are encoded in
the vector (zg,...,z4—1). For example, in Figure 3, the point (1,0,0,2,0,1,0) uniquely represents
a subtree whose primary branch is 3, and whose leaves appear at index 2 on branch 3, and index
1 on branch 5, respectively.

Let 7 denote the set of all connected subtrees of T', and let P = u(7) be the image of these
subtrees under the mapping u. The tree convexity of the bipartite graph G = (A U B, E) with
respect to tree T implies that for every vertex v € A, the set of neighbors of v in B induces a
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connected subtree of T. We denote this subtree by 7(v) for each v € A. Let Q@ C P be the set
of points corresponding to these subtrees, i.e., @ = {u(7(v)) | v € A}. This provides a compact
geometric representation of the tree convex structure of G.

Remark 1. A tree convex graph can be succinctly represented by the point set Q using only O(n)
space, in contrast to the standard adjacency-based representation which requires O(n?) space.

3.3 Problem reformulation

The following lemma allows us to restrict our attention to connected subtrees of 7" when searching
for a maximal edge biclique.

Lemma 1. Let G = (AU B, E) be a bipartite graph that is convex over a tree T. Let C =
(A’UB', E') be a mazimal edge biclique in G. Then, the subgraph of T induced by B’ is connected.

Proof: Suppose for contradiction that the subgraph S of T induced by B’ is disconnected. Then
there exist vertices u,v € B’ that lie in different components of S, and thus no path between them
exists within S. However, since T is a tree, there is a unique path 7 in T' connecting u and v.

By the tree convexity of G, for any vertex w € A’ which is adjacent to both u and v, all
vertices along the path 7 are also adjacent to w in G. Moreover, because C is a biclique, every
vertex in A’ is adjacent to every vertex in B’, including u and v. Therefore, all vertices along m
are adjacent to all vertices in A’, and thus the set B’ U V() can be extended to a larger biclique
' = (A U(B'UV(m),E") with more edges than C, contradicting the maximality of C. 0

By Lemma 1, any maximal edge biclique corresponds to a connected subtree S € 7. Via the
injective mapping u, we may instead search over the corresponding point set P = u(7T).

Recall that for any connected subtree S of the tree T, the primary branch £(5) is defined as
the branch with the smallest number that intersects S. We extend this notation and write 5(X)
for a point X = (zg,...,x4-1) € P, to denote the smallest index ¢ > 1 such that z; > 0.

Let C = (A’U B’, E’) be a maximal biclique in G. Since the bipartite subgraph C' is complete,
the number of edges is |A’| - |B’|. By Lemma 1, the set B’ induces a connected subtree S of T', and
let X = u(S) be its corresponding point representation. The size of B’ (i.e., the number of nodes
in S) can be computed as:

d—1
w(X) = (Zl‘l> — 1z + 1. (1)

To compute |A’|, we count the number of vertices v € A such that the subtree 7(v) (i.e., the
subtree induced by its neighbors in B) contains S. Let X' = p(7(v)) and b = 8(X). We identify
two cases under which 7(v) covers S:

(i) b= p(X’) and «} > x; for all i > 1, and zj, < xo,
(ii) b € desc(B(X’)) and z} > ax; for all ¢ > 1.
See Figure 4 for an illustration. These two cases correspond to the following sets:

> @i, B(X') = B(X), x < o}, (2)
> mi, B(X) € desc(B(X"))}. (3)
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Figure 4: A triad tree with decomposed branches, showing a subtree X’ (solid lines) and two
subtrees (dashed lines) that cover it: (a) a covering subtree with the same primary branch; (b) a
covering subtree from a higher branch in the hierarchy.

Now, we can show the number of vertices in A whose neighbor-induced subtrees cover S by the
following function:

0(X) =[D(X)[+[D"(X)]. (4)

Note that the function 6(X) is non-decreasing on z, and is non-increasing on all other coordinates.
The sets Q,D(X), and D’(X) should be considered as multisets, as multiple vertices in A may
map to the same subtree. Combining the formulations from Equations (1) and (4), we define our
main objective function, which quantifies the size of a biclique corresponding to a subtree encoded
by point X, as follows:

FX) = 5(X) - w(X). (5)

Theorem 1. Let G = (AU B, E) be a bipartite graph that is conver over a tree T, and let
C = (A UB' E") be a maximum edge biclique in G. If X € P is a point mazimizing f, then
| A’ < |B'| = f(X).

Proof: Let S be the connected subtree of T induced by B’, and let X = p(.S). As shown above,
the size of B’ is w(X) and the number of vertices v € A such that 7(v) covers S is 6(X ). Therefore,
the number of edges in the corresponding biclique is f(X) = §(X)-w(X). Maximizing this product
over all X € P yields a maximum edge biclique in G. a

Theorem 1 thus reduces the task of finding a maximum edge biclique in a tree convex bipartite
graph to the problem of maximizing the objective function f(X) over the point set P.

Problem 2. Given a set of points P in d dimensions, find a point X € P that mazimizes f(X) =
(X)) - w(X).
3.4 Problem relaxation

As mentioned earlier, our goal is to find a point in P that maximizes the function f. However,
directly enumerating all points in P is nontrivial, since the mapping p used to define P depends
intricately on the hierarchical branch decomposition of T', which introduces additional structural
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Figure 5: A disconnected subgraph mapped to the point (2,0,0,3,0,2,0).

constraints that must be tracked and preserved during enumeration. To overcome this difficulty,
we introduce a structured superset PT D P, along with a corresponding collection of subgraphs
T+ D T, that includes certain additional disconnected subgraphs of T' formed by selecting one
interval from each branch. By relaxing the original formulation in this way, we enable more efficient
exploration of the solution space, while guaranteeing that these additional disconnected subgraphs
are never viable candidates for an optimal solution.

Let n; denote the number of nodes in branch ¢ of T'. For each branch b € [d — 1], define the set
Uy to consist of points (zg,...,24—1) such that:

o o € [np),
o z;=0foralll <j<b,and
oz, cnjlforallb<j<d-1

It follows that for any subtree S € T with 5(S) = b, the point p(S) lies in Up. Let I, =

{(zo,...,xa—1) € Uy | xp < 20} be the set of “invalid” points of U,. We define P+ = [J,(Us \ Ip).
We now describe how each point X = (zo,...,Zq_1) € PT can be mapped to a (not necessarily

connected) subgraph of T. Let b = 5(X). The corresponding subgraph is constructed by taking:

e the path from node z( to x;, along branch b, and
e for each i # b such that z; > 0, the path from node 1 to x; along branch 3.

Note that the resulting subgraph may be disconnected; see Figure 5 for an illustration. We extend
the definitions of the functions w, §, and consequently f, to apply to all points in P using the
same expressions as before. The following lemma justifies maximizing f over PT rather than P in
solving Problem 2.

Lemma 2. The set P is contained within PT, and no point in PT\ P can mazimize the objective
function f.

Proof: Let S be a connected subtree of T, and let X = pu(S) = (xo,...,24—1) be its image under
the mapping p. By definition, if the primary branch of S is b = 5(S), then X € Up, and we have the
constraint zg < xp. This condition ensures that the root index zg does not exceed the maximum
index on the primary branch b, which must hold for any valid image of a connected subtree.
Consequently, X cannot lie in [Ij, which is defined to contain points violating this constraint.
Therefore, all valid points in P must lie in U, \ I,, for some b, which implies P C [J,(Up \ I) = P™.

To prove the second statement, suppose, for contradiction, that a point X’ = (2/¢,...,2'4—1) €
P+ \ P maximizes the function f. Let S’ be the disconnected subgraph of T associated with X',
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and let S be the smallest connected subtree of T' that contains all nodes in S’. Let X = p(S) =
(0, ...,24—1) be the corresponding valid point in P.

Recall that, by definition of w, w(X) denotes the number of nodes in S. Similarly, according
to the definition of PT, for any point X’ € P, w(X’) denotes the number of nodes in S’. Since
S’ is a proper subgraph of S, it follows that w(X) > w(X").

Moreover, by the definitions of D and D’ in Equations (2) and (3), the following holds. If
B(X) = B(X’), then D(X) = D(X') and D'(X) = D'(X’), and thus §(X) = §(X’). Otherwise,
B(X'") € desc(B(X)). In this case, D(X') is empty, since S’ is disconnected, and D'(X’) = D'(X)U
D(X), as S is the smallest subtree that covers S’. Therefore, in both cases, §(X) = §(X').

Hence, we have f(X) = §(X) - w(X) > §(X')- w(X') = f(X'), which contradicts the assumption
that X’ maximizes f. Therefore, no point in P* \ P can be optimal, completing the proof. a

By Lemma 2, it suffices to restrict our search to the superset P*. Moreover, we can partition
P+ into disjoint regions P;" = P+ N U, corresponding to primary branches b, and independently
search for the optimal point within each region. This leads to the following subproblem:

Problem 3. For each branch b, find a point X € 73;' that maximizes the objective function
F(X) = w(X) - §(X).

4 The Algorithm

In the previous section, we introduced Problem 3 as a crucial subproblem that paves the way for
solving our main objective: finding the maximum edge biclique in tree convex bipartite graphs.
In this section, we present an efficient and scalable algorithmic framework for solving Problem 3,
which lies at the core of our overall approach.

For the special case of d = 2, Problem 3 reduces to a two-dimensional grid optimization prob-
lem, which can be solved in O(npolylogn) time using a binary tree-based search strategy [30].
To address higher-dimensional instances, we generalize this approach by recursively extending the
binary tree structure into a multi-level auxiliary tree. This hierarchical data structure efficiently
supports updates, allowing us retain the performance of the two-dimensional algorithm while scal-
ing gracefully to any constant dimension. Consequently, our framework achieves a running time of
O(n"l_1 polylogn) for constant d, providing a practical and theoretically sound solution to high-
dimensional instances of the problem.

4.1 The auxiliary binary trees

To support efficient search in the multi-dimensional domain P+, we recursively define a family of
auxiliary trees, denoted by B7, for j € [d — 1]. Each B7 is responsible for a j-dimensional subset
of the space.

At the base level, B! is a balanced binary tree built over the discrete values of the xy coordinate
(i.e., the first dimension), ordered left to right. For each level j > 2, the tree B7 is defined
recursively as a binary tree whose leaves are the roots of B/~ trees (see Figure 6 for an illustration).
These subtrees correspond to discrete values of the coordinate x;_;, and are ordered left to right
by increasing x;_i. Thus, the entire structure represents a (d — 1)-dimensional grid through
hierarchical composition.

Each point in the set U = |J, U can be expressed in the form (z,Y,z), where z and z are
scalars, and Y is a (d — 2)-dimensional vector. For a fixed value of z, we construct a separate tree
B, over all points (z,Y) such that (z,Y, z) € Uy, where b is the primary branch for which we are
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Figure 6: (a) An auxiliary binary tree B?. (b) The corresponding 2-dimensional grid, where each
point maps to a leaf of B2. Each internal node of the tree represents a subregion of the grid; three
such regions are highlighted and labeled as u, v, and w.

solving Problem 3. Recall that B, is defined over the set of d-dimensional points, and therefore has
the same structure as the auxiliary tree B¥~!. Each leaf in B, is initialized with its corresponding
point (z,Y), if the point (z,Y, 2) is valid (i.e., not in the invalid set I;), or marked as inactive
otherwise. Each internal node in B, stores a point among its descendants for which f is maximum.
As a result, the root of B, stores the point maximizing f over all entries with fixed z in the domain
Us.

To solve Problem 3 for branch b, we evaluate the roots of B, over all z values, returning the
point with the highest f-value overall. Note that the values stored in leaves of B, remain identical
across different values of z, while the values of internal nodes may change due to varying f(z,Y, 2).
Note that we use the notation f(z,Y, z) as a shorthand for f((x,Y,z)) for brevity.

4.2 Updating the binary tree

Since the structural layout of each B, remains consistent across all values of z, we maintain a
single binary tree B that is initially configured for z = 0 and update it incrementally throughout
the algorithm. This allows us to simulate the structure of B, for any z without rebuilding the
tree from scratch. The algorithm progresses through increasing values of z, and at each step z, we
efficiently adjust the internal nodes of B to reflect the corresponding tree B, and determine the
maximizing point stored at its root.

Let u be a specific node in B. Denote by u, and u.. the representations of u at steps z and 2/,
i.e., in B, and B,., respectively. Since the leaves are invariant across all B,, changes only affect
internal nodes. For an internal node u to differ between B, and B,, one of the following conditions
must hold:

C1. The values stored in the left or right children of u, and wu,. differ.

C2. The children are the same, but the result of the comparison changes. More precisely, if the
left child is (x,Y) and the right child is (z/,Y”), then one of the following two conditions
holds:

C2.1. f(2',Y',2) 2 f(2,Y,2) and f(2',Y", 7)) < f(x,Y,2).
C2.2. [(2',Y",2) < f(z,Y,2) and f(&',Y", ) > f(z, Y, ).

To simplify our reasoning, we define the gap between two points (z,Y, 2) and (2/,Y”, 2) as:
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A, (2,Y), (2", Y") = f(x,Y,2) — f(2', Y, 2).

Conditions (C2.1) and (C2.2) correspond to a change in the sign of the gap function between z and
', indicating that the comparison result has flipped. Let Y = (y1,...,y;) and Y’ = (v}, ... ,y;) be
two j-dimensional vectors. We use Y < Y’ to denote y; < y; for all i € [j], and Y < Y to denote
y; <y, for all ¢ € [j]. To update B from B, to B,., we perform the following types of updates:

U1. For every point (z,5,2) € Q, update the ancestors of the leaf corresponding to each (x,Y)
such that Y < S.

U2. Update any internal node u whose children (z,Y") and (2/,Y”) induce a sign change in the
gap function between z and 2’ (i.e., satisfy (C2.1) or (C2.2)), and w is not covered by any
(U1) update.

U3. Update the ancestors of all nodes identified for (U2) updates, as changes at a child node may
propagate upward and affect comparisons at higher levels.

Let u be an internal node of B whose left and right children store (x,Y) and (a/,Y”), respec-
tively. If u lies in the bottom layer of B, namely B!, then by the structure of B, we have Y =Y’
and x < z’. Suppose that u is not covered by any (Ul) update at step z. Then there can be no
point (r,S,z) € Q such that x < r < 2’ and Y < S. Indeed, if such a point existed, the leaf
corresponding to (r, Y)—which lies in the subtree rooted at u by construction of B—would trigger
a (Ul) update, contradicting the assumption that w is uncovered. Now suppose u appears in a
higher layer of B, i.e., B for some i > 1, and that u is not covered by any (U1) update at step z.
Then there can be no point (r, S, z) € Q such that either Y < S or Y’ < S, for any value of r. If
such a point existed, it would trigger a (Ul) update via the leaves (r,Y") or (r,Y’), both of which
lie in the subtree rooted at u. We summarize these observations as follows.

Property 1. Let u be an internal node of B, whose left and right children store (x,Y) and (z',Y),
respectively. If u is not assigned any (Ul) update at step z, then there is no point (r,S,z) € Q
such that x <r <z’ andY < S.

Property 2. Let u be an internal node of B' for some i > 1, whose left and right children store
(2,Y) and (2',Y"), respectively. If u is not assigned any (Ul) update at step z, then there is no
point (r,S,z) € Q such that either Y XS or Y’ XS, for any value of r.

The following lemma, along with its corollary, reveals a key structural property that guarantees
our defined updates are sufficient to update B efficiently, without incurring redundant computa-
tions.

Lemma 3. Let © < o’ be two integers, Y a fized (d — 2)-dimensional vector, and z < z' two
integers. If there exists no point (r,S,t) € Q such that x <r < ', Y <5, and z <t < 2/, then
AZ (($, Y)a (‘rla Y)) 2 AZ’ ((Ia Y)a (17/, Y))

Proof: By the definition of functions A and f, we have:
A, ((.7;, Y)’ (xlv Y)) — Ay ((x’ Y)> (xla Y))

= (f(,Y,2) = f(@",Y,2)) = (f(2,V, &) = f(a,Y,2))
= (w(=,Y,2)0(x,Y,2) —w(@',Y,2) (2", Y, 2))
- (’LU(.’E, Y7 Z/) 6(.’13, Yv Z/) - ’U)(J,'/, K Z/) 6(m/a Yv Z/))
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Moreover, by the definition of the weight function w, we have w(x,Y,2’) = w(z,Y,2) + (2’ — 2).
Similarly, w(z',Y, 2") = w(z',Y, 2) + (2 — z). Therefore, we obtain:

A (2 V), (. Y)) — Aw (.Y, (&', Y))
=w(z,Y,2)8(x,Y,2) —w(z',Y,2) (Y, 2)
(e, Y,2) + (& — 2) (Y, 2) — (e, Y, 2) + (2 — )5, Y, )
=w(z,Y,2) (8(x,Y,2) — (x,Y,2"))
—w(@,Y,2) (6(2',Y,2) = 6(2',Y,2")) + (2 — 2) (6(2",Y,2") — §(x,Y, 2")).
= (w(z,Y,2) —w(2',Y,2)) (0(z,Y,2) — §(x,Y,2"))
+ (' =2)(0(2,Y,2) —6(z,Y,2")),

where the last equality holds because §(z,Y,z) — 6(z,Y,2") = §(2/,Y,2) — §(2’,Y,2') by the
assumption of the lemma. Moreover, since function §(X) is non-increasing on z by its defini-
tion, we have d(x,Y,z) > 0(x,Y,2’). Similarly, the non-decreasing property of 6(X) on z im-
plies §(2',Y,2") > d(x,Y,2"). Additionally, by the definition of the function w, we know that
w(z,Y,z) —w(2',Y,z) = (2/ — ). Recall that both (2’ — z) and (2’ — z) are positive. Therefore,
we conclude that A, ((z,Y), (2,Y)) — A, ((z,Y), (2, Y)) > 0. 0

Corollary 2. Let z, 2/, z, and 2’ be integers such that x < x’ and 2/ = z+ 1, and let Y be a
(d — 2)-dimensional vector. If A, ((z,Y), (2",Y)) < Ay ((z,Y),(a',Y)), then there exists a point
(r,S,z) € Q such thatx <r <z’ andY = S.

The following lemma shows that our update rules cover all nodes requiring update, i.e., those
satisfying conditions (C1), (C2.1), or (C2.2).

Lemma 4. Let z and 2z’ be two integers with z’ = z + 1. Let u, and u, denote internal nodes at
the same position in B, and B,/ respectively, and suppose the value of u, differs from that of u,.
Then u, is covered by at least one of the update types (Ul), (U2), or (U3).

Proof: Consider the tree B at step z, and let u be the node in B corresponding to w,. Suppose
the left and right children of u store (x,Y) and (2/,Y”), respectively. We first consider the case
where u belongs to the bottom layer of B, namely B!. In this layer, the structure of B ensures
that Y =Y’ and = < 2. If u satisfies condition (C2.1), then by Corollary 2, there exists a point
(r,S,z) € Q such that © < r < 2’ and Y < S. Therefore, u is covered by a (Ul) update, as
guaranteed by Property 1. On the other hand, if u satisfies condition (C2.2) and is not covered by
any (Ul) update, then it is included in a (U2) update by definition due to the sign flip of the gap
function.

Next, suppose that u appears in a higher layer B’ for some i > 1. Assume that u satisfies either
condition (C2.1) or (C2.2). If there exists a point (r, S, z) € Q such that Y < S or Y’/ < S, for any
value of r, then u is covered by a (Ul) update, as established by Property 2. Otherwise, the sign
flip at w fulfills the criteria of (U2) updates.

Finally, if u satisfies condition (C1), then due to the invariance of leaves across all B,, some
internal node in the subtree rooted at u must satisfy either (C2.1) or (C2.2). Therefore, u is
covered either by a (Ul) update or by a (U3) update. O

Note that updates of type (Ul) can be derived directly from the points in Q, and updates of
type (U3) follow from updates of type (U2). In the following, we show that the number of (U2)
updates is bounded by the number of (U1) updates, and offer a constructive method for identifying
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all such (U2) updates. To this end, we distinguish two cases based on the level of the internal node
being updated. For nodes located in the bottom layer of B, the following corollary derived from
Lemma 3 provides the desired bound.

Corollary 3. Let x,2', 2z, and 2’ be integers with x < x’ and z < 2’, and let Y be a fized (d — 2)-
dimensional vector. Suppose there is no point (r,Y,t) € Q such that v <r < 2’ and z < t < 2.
Then, for every integer i with z < i < 2, the gap function A; ((z,Y), (2',Y)) varies monotonically
as i increases from z to z'. Consequently, the sign of the gap function can change at most once,
when ¢ increases from z to z'.

This corollary guarantees that each internal node in the bottom layer of B is subject to at most
one (U2) update between any two consecutive (Ul) updates. A similar bound for internal nodes
in higher layers of B will be established in the following lemmas.

Lemma 5. Let x <z’ be integers, Y and Y’ be (d—2)-dimensional vectors, and z < 2’ be integers.
Assume there is no point (r,S,t) € Q with z < t < 2z’ such that either Y < S or Y’ < S, for
any value of r. Then, for every integer i with z < i < 2', the gap A; ((x,Y),(2',Y")) changes
monotonically as i increases from z to 2. Consequently, the sign of the gap function can change
at most once, when i increases from z to z'.

Proof: By the definition of the function J§ from Equation (4), we have:
§(z,Y, 1)
=|{(r,S,t) € Q| B(r,S,t) = B(x,Y,i),r <z, Y <X 5,i <t}
+ |{(r,S,t) € Q| B(z,Y,i) € desc(B(r, S,t)),Y = S,i <t}
=H{(r,S,t) e Q| B(r,S,t) = B(x,Y,i),r <x,Y 25,2 <t}
+ {(r,S,t) € Q| B(r,S,t) = B(z,Y,i),r <z,Y < S,i <t <2}
+ {(r,S,t) € Q| B(x,Y,i) € desc(B(r, S,t)),Y = S, 2" <t}
+ {(r,S,t) € Q| B(z,Y,i) € desc(B(r, S,1)),Y < S,i <t <2'}|.
Since B(z,Y,i) = B(z,Y,2') for all integers 4, by the definition of the function f, the sum of
the terms in lines (6) and (8) is precisely d(z, Y, z’). On the other hand, the two sets in lines (7)
and (9) are empty by assumption, because no point in Q satisfies Y < S and 7 < t < 2’. Hence,
their contributions are zero. It follows that 0(z,Y,7) = §(x,Y,2’), for all z < i < 2’. As such, for
any integers ¢ and 4’ such that z < i < i < 2/, we have §(z,Y,i) = d(x,Y,i) = §(z,Y,2') and
8(z', Y, i) =6(a, Y, i) = 6(a’, Y, 2'). Therefore,
Ay (('Tv Y)7 (CC/7 Y/)) SEAY ((xv Y)? (xl7 Y/))
=w(z,Y, i/) 6(z,Y, Z/) - w(x’, Yla i/) 5(xlv Y/a Z/)
— [w(z,Y,4) 6(z,Y,2") —w(z', Y, i) 6(z', Y, 2")]
= (w(z,Y,) —w(z,Y,4)) 6(z,Y, 2)
— (w(, Y, i") —w(@',Y'i)) (2", Y, 2)
= (Z/ - 7’) (6(I7 Ya Z/) - 5(55,7 Y/a Z/))a
where the last equality follows from the definition of the function w. Therefore, A; ((z,Y), (2',Y"))

is monotonic as 7 increases from z to z’. Whether it is non-decreasing or non-increasing depends
on the sign of §(x, Y, 2") — d(2’,Y”, 2’), which is independent of i. O

Combining Lemma 5 with Property 2 shows that each internal node in the higher layers of B
undergoes at most one (U2) update between any two consecutive (Ul) updates.
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4.3 Calculating the function o

Given two points X = (zg,...,24_1) and X' = (2g,...,2'q_1) in R, we say that X’ is dominated
by X if z < x¢ and 2 > z; for all i € [d —1]. The classical dominance counting problem asks, for
a given query point, how many points in a set of d-dimensional points are dominated by it. This is
a special case of the orthogonal range counting problem, for which several efficient data structures
have been developed with poly-logarithmic query time; see, e.g., [1,20].

For each i € [d — 1], let P;" = U; \ I; denote the subset of P* corresponding to the ith branch.
Define Q; as the set of points X € Q for which 8(X) = i, that is, Q; = QN P;". Additionally,
let Q) be a multiset obtained by including a point (0,Y) in Q} for each (z,Y) € Q NP, with
k € desc(i).

We can compute §(X) for each X € Pf as the number of points in Q; U Q that are dominated
by X. Note that the contributions from Q; and Q} correspond precisely to the sizes of the sets
D(X) and D’'(X), respectively, used in the definition of §(X) in Equation (4).

Lemma 6. For each point X € P, the function §(X) can be computed in poly-logarithmic time.

Proof: Fix a point X = (zg,...,74-1) € P;” for some i € [d — 1]. Recall from Equation (4)
that §(X) = |D(X)| + |D'(X)|. According to Equation (2), the set D(X) consists of all points
X' = (29,...,2"4—1) € Q; that are dominated by X. Similarly, by Equation (3), the set D/(X)
contains all points X' = (2p,...,2'4—1) € Q) dominated by X, where each point in Q is of the
form (0,Y") for some (z,Y) € QN P, with k € desc(i). The construction of Q) ensures that every
point in D’'(X) satisfies the condition z{, = 0 < x¢, which trivially holds, since x¢ > 1. Therefore,
computing §(X) reduces to answering two dominance counting queries in d-dimensional space, one
over Q; and another over @}, which can be done in poly-logarithmic time, after O(n polylogn)
preprocessing time (see, e.g., [20]). O

4.4 The main algorithm

Now, we are ready to provide our main algorithm for solving Problem 3, which in turn solves the
maximum edge biclique problem on tree convex bipartite graph as a special case. The pseudocode
is provided in Algorithm 1.

Theorem 4. Algorithm 1 solves Problem 3 in d-dimensional space for any constant d > 2, in
O(n?=1 polylogn) time.

Proof: We first establish the correctness of the algorithm. In Algorithm 1, the (U1) updates are
identified in line 5, and the (U3) updates are determined in line 15, both following their definitions.
By Corollary 3 and Lemma 5, there is at most one (U2) update between any two consecutive (U1)
updates, which are identified in line 12. Furthermore, the (U2) updates that occur before the first
or after the last (U1) for all internal nodes are added in line 7. Hence, all updates are correctly
identified, and by Lemma 4, the tree is updated accordingly. As such, at each step z, the root of
the tree contains the pair (r,.S) that maximizes f(r,S,z). Thus, the result returned in line 19 is
an optimal solution.

We now analyze the runtime of the algorithm. We can compute Q; and Q) from Q in linear
time. Since the dominance counting data structure requires O(n polylogn) preprocessing time,
line 1 of the algorithm executes in O(npolylogn) time. Once initialized, the function § can be
evaluated in polylogarithmic time for any point by Lemma 6. The function f requires computing
0 and summing d values for w, and can thus be evaluated in polylogarithmic time.
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Algorithm 1 FINDMAX(Q, 1)

/

1: initialize the dominance counting data structure with Q; U Q;

2: construct the tree B, initialized by By

3: for each point (x, S, z) € Q do

4: for each (d — 2)-dimensional vector Y such that ¥ < .S do

5: mark ancestors of the leaf corresponding to (z,Y") for (Ul) at step z
6: for each node u in B do

7: mark u for (U2) updates that occur before the first (Ul) or after the last one
8: let max < f(root(B),0)

9: for each z from 1 to n do

10: for each node u scheduled for update at step z, in bottom-up order do
11: if u is marked for a (Ul) update then

12: find the next step 2z’ at which a (U2) update occurs on u

13: mark u for a (U2) update at step 2’

14: if u is marked for a (U2) update then

15: mark all ancestors of u for a (U3) update

16: apply the update to node u

17: if f(root(B),z) > max then
18: max < f(root(B), z)

19: return max

The binary tree consists of O(n?~!) nodes, and initializing it involves computing f for each
internal node, resulting in O(n?~! polylogn) time for line 2. To initialize (U1) updates, the outer
loop in line 3 iterates over O(n) elements of Q, while the inner loop in line 4 processes O(n¢=2)
vectors Y. This results in O(n?~!) updates of type (U1) at the leaves, and O(n?!logn) updates of
type (Ul) overall. Additionally, line 7 may issue up to two updates per node, contributing another
O(n%'logn) updates. Therefore, the total time for the initialization phase is O(n?~! polylogn).

Across the main loop in lines 9 through 18, the total number of (U1) updates is O(n?~!logn), as
established previously. By Corollary 3 and Lemma 5, the number of (U2) updates is also bounded
by O(n%1logn), since there can be at most one such update between any two consecutive (U1)
updates. Moreover, each (U2) update in line 12 can be identified in O(logn) time via binary search,
due to the monotonicity of the gap function established in Corollary 3 and Lemma 5. Each (U2) up-
date subsequently triggers O(logn) updates of type (U3) on its ancestors. Hence, the total number
of updates remains O(n9~1logn), all of which can be identified and applied in O(n?~! polylogn)
time. Note that applying each update to a node involves computing only two f values, one for
each child. Therefore, the overall time complexity of the algorithm is O(n%~! polylogn). a

We can now apply Algorithm 1 to solve our original optimization problem, i.e, computing the
maximum edge biclique in a tree convex bipartite graph. This yields our main result, stated below.

Theorem 5. Let G = (AU B,E) be a tree convex bipartite graph with n vertices, where the
convezity of B is defined over a tree with a constant number d of leaves. Then, a biclique in G
with the mazimum number of edges can be computed in O(n?~! polylogn) time.

Proof: When d = 2, the problem reduces to ordinary convex bipartite graphs, which can be solved
in O(n polylogn) time using the algorithm by Nussbaum et al. [30]. For d > 3, Problem 3 for any
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branch can be solved in O(n?~! polylogn) time using Algorithm 1, as established in Theorem 4.
Since the number of branches is d — 1, the overall running time is O(n?~! polylogn) for any
constant d. O

5 Conclusions

In this paper, we revisited the maximum edge biclique problem in tree convex bipartite graphs
and presented a faster algorithms that improves upon the previous best algorithm by a factor of
n3/ polylog n.

We can extend our approach to forest convex bipartite graphs, where convexity requires that
the neighborhood of each vertex induces a connected subgraph within each tree of the underlying
forest F', with a total of d leaves. Using a mapping analogous to the one developed in this work,
the input can be transformed into a d-dimensional grid, ensuring that any maximum edge biclique
corresponds to a subgraph that is connected in every tree and is therefore fully contained within
the grid. This reduction enables the extension of our approach to address the maximum edge
biclique problem in this generalized setting.

Other classes of convexity, such as circular convex bipartite graphs, remain largely unexplored in
the context of the maximum edge biclique problem. In these settings, neither efficient algorithms
nor formal hardness results are currently known. Investigating the computational complexity and
algorithmic possibilities in such classes presents an intriguing direction for future research.
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